Abstract. The Di erential Quadrature Method (DQM) is one of the most powerful approximation methods for analyzing the free vibration of rectangular plates. It is easy to use and straightforward to implement. However, in spite of its many advantages, the conventional DQM has some limitations in determining the natural frequencies of rectangular plates involving free corners. This is because it is very di cult to implement the free corner boundary condition in conventional DQM. As a result, the method may exhibit some convergence problems and this may lead to erroneous and oscillatory results for natural frequencies of rectangular plates involving free corners. To overcome this di culty, this paper presents a simple DQM formulation in which all the natural boundary conditions, including the free corner boundary condition, are implemented in an easy manner. Its accuracy and e ciency are demonstrated through the vibration analysis of rectangular plates with di erent combinations of free edges and free corners. Numerical results prove that the proposed method can produce much better accuracy than the conventional DQM while exhibiting a monotonic convergence behavior with respect to the number of sampling points. Furthermore, unlike the conventional DQM, solutions of the proposed method are not very sensitive to the sampling point distribution.
Introduction
Rectangular plates are important structural components that are extensively used in various elds of engineering such as civil, mechanical, aerospace, marine, and structural engineering. Therefore, proper understanding of the vibration characteristics of such structural elements is crucial for the structural designers.
In general, there are two kinds of methods that can be used to solve the free vibration problem of rectangular plates, namely, the analytical and numerical methods. The analytical methods often provide better information about vibration characteristics of rectangular plates. But, their applications are limited to plate problems with simple boundary conditions such as Levy-type boundary conditions [1, 2] . This limitation is caused by the complexities introduced by the satisfaction of the free edges and free corner boundary conditions. To overcome the limitations of the analytical methods, various approximate or numerical methods such as the Ritz method [3] [4] [5] [6] , the extended Kantorovich approach [7] , the nite element method [8, 9] , the BEM-based meshless method [10] , the moving least squares di erential quadrature method [11] , semianalytic di erential quadrature method [12] , thenite di erence method [13] , the spectral element method [14] , and the discrete singular convolution method [15, 16] have been developed by researchers to study the behavior of rectangular or other shaped plates with general boundary conditions. Among the approximate methods used for solving the present problem, the Di erential Quadrature Method (DQM) is one of the most convenient methods to obtain natural frequencies of rectangular plates [17] [18] [19] [20] . It is simple to use and also straightforward to implement. However, in spite of its many useful features, the conventional DQM has its own drawbacks in implementation in the di erential equations with multiple boundary conditions at the boundary points, especially for fourth-order governing di erential equations of classical beam and plate problems. For instance, in solving the vibration problem of rectangular plates with general boundary conditions, Malik and Bert [21] indicated that the solutions of conventional DQM for rectangular plates having adjacent free edges (or free corners) might not exhibit convergence trend and erroneous results might be obtained. To solve this di culty, Shu and Du [22] proposed an approach referred to as the direct Coupling of Boundary Conditions with discrete Governing Equations (CBCGE) for implementing the general boundary conditions for the free vibration analysis of rectangular plates. The CBCGE approach was shown to work well for the rectangular plates without free corners, but it encountered some issues when applied to the rectangular plates involving free corners. In this case, the numerical solutions of the CBCGE approach were highly sensitive to the sampling point distribution. For instance, the solutions of the CBCGE approach with conventional non-uniform sampling points were quite erroneous. To overcome this di culty, Shu and Du [22] proposed the use of stretched sampling points where the sampling points were stretched toward the plate boundaries. Although rather accurate solutions were obtained using the proposed stretched sampling points, the obtained solutions did not show a monotonic convergence with increasing number of sampling points and, in some cases, the natural frequencies were found to behave oscillatory.
It can be seen that a simple and general formulation based on the conventional DQM that can easily handle the plate problem with general boundary conditions is still missing. Therefore, this paper intends to present a simple and accurate DQM formulation in which all the natural boundary conditions, including the free corner boundary conditions, are satis ed in an easy and accurate manner. To demonstrate its accuracy and stability, the proposed methodology is applied to solve the vibration problem of rectangular plates with various combinations of free edges and free corners. Comparison of obtained results with those in recent literature shows that the proposed methodology is capable of producing highly accurate solutions while exhibiting a monotonic convergence behavior with respect to the number of DQM sampling points. Furthermore, the proposed approach can produce much better accuracy than the conventional DQM formulations for rectangular plates involving free corners.
Di erential quadrature method
The DQM is a numerical solution technique for initial and/or boundary value problems [23] . It was rst developed by Richard Bellman and his associates in the early 1970's [24, 25] . Since its introduction, the DQM has been successfully applied to a variety of engineering problems [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] . Most of these applications are related to static and dynamic analyses of structural components like beams, plates, and shells. Newer applications include the use of DQM for solving moving load problems [46, 47] and uid-structure interaction problems [48, 49] . The results of many research works show that the DQM is computationally e cient and is applicable to a large class of initial and/or boundary value problems. However, as we discussed in introduction, the implementation of multiple boundary conditions is not an easy task when applying the DQM to higher-order partial di erential equations. To overcome this limitation, this paper is devoted to present a simple and accurate DQM formulation in which the multiple boundary conditions are implemented in an easy and simple manner.
The DQM is based on the idea that the derivative of a function with respect to a coordinate direction at any discrete point can be expressed by a weighted linear sum of the function values at all the discrete points chosen in that direction. For instance, the rth-order Xderivative of the function W (X; Y ) at a sample point (X i ; Y ) can be expressed as [23] :
ik W (X k ; Y ); i = 1; 2; ; n;
where n is the number of sample points in the X-direction, and A (r) ik is the rth-order X-derivative weighting coe cient associated with the X = X i point.
It follows from Eq. (1) of which the quadrature rules may be written collectively in matrix form as:
where: 
The weighting coe cients of the rst-order derivative can be obtained from the following algebraic formulations [50] :
(X i X k ) (X k ) i 6 = k; i; k = 1; 2; ; n n P j=1;j6 =i A (1) ij i = k; i = 1; 2; ; n (5) where (X) is de ned as:
The weighting coe cients of the higher-order derivatives can be calculated from the following recurrence relationship [26] : 
where:
It is noted that the quadrature rule (Eq. (8) 
where [I x ] is an identity matrix of order n n.
Governing equation and boundary conditions
The governing di erential equation for free vibration of an isotropic thin rectangular plate with length a and width b can be expressed as: 
Eq. (25) can also be expressed in matrix notation as: (26) where [A (4) ] and [A (2) ] are the fourth-order and second-order DQM weighting coe cient matrices, respectively; [I x ] is an identity matrix of order n n; and the vector fW(Y )g has already been de ned in Eq. (3). Eq. (26) represents a system of coupled ordinary di erential equations of the fourth-order, which can be further discretized using the DQM. However, it is possible to impose the X-direction boundary conditions of the plate before applying the DQM to this system. The details are given in the next subsection.
DQM analogs of the boundary conditions in the
X-direction The boundary conditions of the rectangular plate in the X-direction are given in Eqs. (17), (19) , and (21). The corresponding quadrature analogs are detailed below:
(I) Simply supported end condition at X = X p (p = 1 or n): From Eqs. (1) and (17), the quadrature analogs of the boundary conditions are obtained as follows:
(II) Clamped end condition at X = X p (p = 1 or n): From Eqs. (1) and (19), the quadrature analogs of the boundary conditions are simply written as:
(III) Free end condition at X = X p (p = 1 or n): From Eqs. (1) and (21), the quadrature analogs of the boundary conditions are written as:
4.1.3. Implementation of boundary conditions in the X-direction At this step, the boundary conditions of the plate in the X-direction can be applied to Eq. (26) . This can be done simply by direct substitution of the boundary analog equations corresponding to simply-supported, clamped, and free edges (given in Eqs. (27) - (30)) with Eq. (26) . By doing so, we obtain the following system of ordinary di erential equations: fW(Y )g; (31) where the subscripts bl, d, and br denote left boundary points, domain points, and right boundary points, respectively. [A (4) ] bl , [A (4) ] br , [A (2) ] bl , and [A (2) ; (32) [ (34) involves the quadrature analog equations of the plate boundary conditions in the X-direction. If we denote the order of this matrix equation by n f , it can be easily veri ed that n f = n n s n c , wherein n s is the number of simply supported edges in the Xdirection and n c is the number of clamped edges in the X-direction. Therefore, in general, n f n, where n is the size of matrix equation (26) 
where I y ij is the element of m m identity matrix, and:
It is noted that the size of mass and sti ness matrices in Eq. (37) is mn f mn f , where n f = n n s n c . The eigenvalue problem (Eq. 37) can be solved for the eigenvalues , if the boundary conditions of the plate problem in Y -direction are also applied. The procedure will be detailed in the next section. 2)) with Eq. (22) gives:
By eliminating the degrees of freedom related to Dirichlet-type boundary conditions (if any exist), Eqs. (43) and (44) 
Now, using the quadrature rule given in Eq. (8), Eqs. (45) and (46) 
(IV) Free corner boundary condition at (X p , Y q ): As pointed out earlier, the condition W ;XY = 0 must also be applied at free corners. First, we note that:
also:
Now, using the quadrature rule given in Eq. (8), the quadrature analog of the corner boundary condition is obtained as: 
For some cases, Eq. (53) can be directly solved for the eigenvalues. However, in general, the eigenvalue problem (Eq. (53)) is highly ill-conditioned and cannot be easily solved for the eigenvalues. A way for overcoming this issue is to eliminate the degrees of freedom corresponding to the Dirichlet-type boundary conditions. By doing so, the ill-conditioned eigenvalue problem (Eq. (53)) is converted to a well-conditioned eigenvalue problem. It is noted that the size of resulting eigenvalue equations is m f n f m f n f , where m f = m m s m c and n f = n n s n c ; wherein n s is the number of simply supported edges in the X-direction, n c is the number of clamped edges in the X-direction, m s is the number of simply supported edges in the Ydirection, and m c is the number of clamped edges in the Y -direction. It is also noted that the resultant mass matrix of the eigenvalue problem (Eq. (53)) involves some zero rows and hence is singular. But, such eigenvalue problem can be easily solved using the QZ algorithm [52] , of which the programs and subroutines are available in most linear algebra software packages such as MATLAB and LAPACK.
Procedure for plates with free corners
The solution procedure for plates involving free corners is similar to that presented in Section 4.2.3.1. But, it involves an additional step. In this case, as it was pointed out earlier, the additional boundary analog equation (52) must also be imposed on the system of discrete equations (53) .
In the very rst glance, it may appear that the free corner boundary analog equation is arbitrarily substituted in the system of discrete (Eqs. (53)). In this regard, there are di erent choices for replacement of the quadrature analog equations of the governing di erential equation by the quadrature analog equation of the free corner boundary condition. Noting that the plate has a free corner at (X p , Y q ), a natural way is to impose the free corner boundary condition at this point (free corner point). In other words, the quadrature analog equation of the governing di erential equation at (X p , Y q ) can be replaced by the quadrature analog equation of the free corner boundary condition.
Numerical results
To demonstrate the stability, rate of convergence, and accuracy of the proposed DQM methodology, natural frequencies of rectangular plates with di erent boundary conditions are evaluated and the results are tabulated in Tables 1-5. To simplify the notation, the edge conditions for plates are denoted by letters S (simply supported), C (clamped), and F (free). For instance, SCSF denotes that the plate has a simply supported edge at X = 0, a clamped edge at Y = 0, a simply supported edge at X = 1, and a free edge at Y = 1.
For the DQM solution of the present problem, we considered a grid of n m sampling points obtained by taking n and m points in 0 X 1 and 0 Y 1, respectively. Moreover, the DQM sampling points are taken non-uniformly spaced and are given by the following equations: X 1 = 0; X 2 = ; X n 1 = 1 ; X n = 1;
1 cos (i 2) n 3 ; i = 3; 4; ; n 2;
and similar equations for the Y -direction sampling points. Here, X 2 and X n 1 are discrete points very close to the boundary points (adjacent -points). The parameter shows the closeness of the adjacent point and the respective boundary point. In order to achieve accurate solutions by using this type of sampling points, the magnitude of should be as small as possible ( 10 3 ). In this study, the magnitude of parameter is assumed to be = 10 3 . Table 1 shows the convergence study of the rst ve dimensionless natural frequencies of Levy-type square plates (i.e., plates with two opposite sides simply supported). The number of sampling points in the X and Y directions (i.e., n and m) are taken to be the same (i.e., we assumed that n = m). The analytical solutions of Leissa [1] are also shown in this table for comparison purposes. It can be clearly seen from Table 1 that the present results converge very quickly and agree very closely with the exact solution values of Leissa [1] , even with all the available signi cant digits.
The rst ve non-dimensional frequency parameters for square plates involving free corners are tabulated in Tables 2 and 3 . These results are obtained by considering an equal number of sampling points in both X and Y directions (n = m). The results are also compared with the results obtained by the conventional Ritz method [1] , new Ritz formulation [5] , Generalized Di erential Quadrature e Method (GDQM) [22] , and the FE-Ritz method [53] . It is noted that the results of Eftekhari and Jafari in [5, 53] are believed to be highly accurate since both the geometric and natural boundary conditions of the plate are strongly satis ed in the algorithms presented in these references. Comparing the results of Table 2 with those of Table 1 , it can be seen that the rate of convergence of the proposed DQM methodology for plates with free corners is not as high as those for plates without free corners. It can also be seen from Tables 2 and 3 that, in most cases, the present solutions converge to values less than those given in [1, 5, 22, 53] . Noting that the results given in [1, 5, 53] are upper bounds of the analytical values, it can be concluded that the present solutions are often closer to the exact values of the natural frequencies than those in [1, 5, 53] . The results of Shu and Du [22] are found to be somewhat oscillatory. For instance, while some results of them [22] are very close to those of Eftekhari and Jafari in [5, 53] , some others do not show the same trend and do not agree well with the results of these references. This oscillatory behavior is due to the lack of satisfaction of the free corner boundary conditions in the GQDM formulation of Shu and Du [22] .
To better see the convergence behavior and accuracy of the proposed DQM, the variation of the percent error in quadrature solutions (de ned as j DQM Ritz [5] = Ritz [5] 100) with respect to the number of sampling points is shown in Figure 1 . It can be seen from Figure 1 that the solutions obtained by the present DQM, in most cases, show a monotonic convergence with increasing number of sampling points. However, the speed of convergence is very slow in some cases, particularly in the results for the fundamental frequencies of plates with CCFF, CSFF, and CFFF boundary conditions. Therefore, the proposed DQM requires a large computational cost to obtain su cient accuracy for these cases. In solving the free vibration problem of plates with irregular geometries, Bert and Malik [54] have also reported this convergence problem and have found that this di culty is caused when an equal number of sampling points is considered in both coordinate directions of the plate. They have also shown that the convergence rate of the DQM is greatly enhanced by selecting an unequal number of sampling points in each coordinate direction of the plate. Our numerical experiments also con rmed this numerical observation for rectangular plates involving free corners and showed that, depending on the boundary conditions of the plate, the accuracy of numerical results could be improved when n value was considered to be smaller or larger than m value. Figure 2 presents the numerical results for plates with CCFF, CSFF, and CFFF boundary conditions. It can be seen that better accuracy and convergence rate can be achieved when n value is chosen to be larger than m value. The numerical results for plates with SSFF, SFFF and FFFF boundary conditions are shown in Figure 3 . It can be seen that in these cases, better accuracy and convergence rate are achieved by selecting n value smaller than m value.
As pointed out earlier in introduction, Shu and Du [22] reported that the solutions of the GDQM are very sensitive to the sampling point distributions when the plate under investigation involves some free corners. For instance, their procedure led to erroneous results when using the following type of sampling points: 
To investigate the e ect of sampling point distribution, we also solved the present problem using the above type of sampling points. Table 4 shows the convergence of solutions for the rst ve natural frequencies of square plates involving free corners when the coordinates of the sampling points are computed from Eqs. (56) and (57). The GDQM solution results of Shu and Du [22] are also shown for comparison purposes. Similar to Shu and Du [22] , we considered an equal number of sampling points in both coordinate directions of the plate (n = m). It can be seen that the results of present method show a monotonic convergence with respect to the number of sampling points while the numerical results of Shu and Du [22] do not exhibit any convergence trend for these cases. This implies that the solutions of the proposed method for plates involving free corners are not highly sensitive to the sampling point distribution. the percent error in quadrature solutions (de ned as j DQM Ritz [5] j= Ritz [5] 100) is shown in this table.
Needless to say that better accuracy is achieved by the proposed DQM.
Conclusions
A simple and accurate di erential quadrature formulation is developed to study the free vibration of rectangular plates. The proposed formulation reduces the original plate problem to two simple beam problems whose solution procedure is signi cantly simpler than the case where the conventional DQM is fully applied to the plate problem. A simple scheme is also proposed to implement the free edge and free corner boundary conditions of the plate problem. It is revealed that the proposed method can produce much better accuracy than the GDQM for plates involving free corners. Unlike the GDQM, the solutions of the proposed method for plates with free corners are not very sensitive to the sampling point distribution. Appendix B Elements of matrices [A (4) ] br and [A (2) ] br
The elements of matrices [A (4) ] br and [A (2) ] br can also be determined from quadrature analog equations given in Section 4.1.2 as follows: (I) Simply supported end condition at X = X n :
[A (4) where [Ã (2) ] has already been de ned in Eqs. (43)- (46), [Î] and [0] are identity and zero matrices of order n f n f (n f = n).
Appendix D Elements of matrix [K br ]
The elements of matrix [K br ] can also be determined from quadrature analog equations given in Section 3. where the matrices [Ã (2) 
